Using an unquenched lattice potential to calculate the spectrum of the bottomonium system, we demonstrate numerically that the effect of pair creation is to produce termination of hadronic Regge trajectories, in contrast to the Veneziano model and the vast majority of phenomenological generalizations. Termination of Regge trajectories may have significant experimental consequences.
It is well known that hadrons populate near-linear Regge trajectories; i.e., the orbital momentum ℓ of the state is proportional to the square of its mass: ℓ = α ′ M 2 (ℓ) + α(0), where the slope α ′ depends weakly (for light (u, d, s) quarks) on the flavor content of the states lying on the corresponding trajectory. This is based on the knowledge of the lowest lying states. What happens, however, for highly excited states remains model-dependent. In the Veneziano model for scattering amplitudes [1] there are infinitely many excitations populating linear Regge trajectories. The same picture of Regge trajectories arises from a linear confining potential [2] , and asymptotically for any potential where the dominant long distance behavior is linear.
In this paper we argue that in QCD, due to the pair creation that screens the potential at large distances, Regge trajectories become nonlinear and terminate. To illustrate this point, we consider a potential obtained in unquenched lattice QCD in ref. [3] , and use it in the Schrödinger equation to calculate spectra of heavy quarkonia, in particular, for the bottomonium system, for which the use of the potential, as well as a nonrelativistic calculation, is best justified.
Our purpose in this calculation is not to reproduce spectra; a better agreement with data could be achieved by adjusting the quark mass and/or fine tuning the parameters of the potential. Rather, we concentrate on general features of the Regge trajectories that arise for heavy quarkonia with a lattice QCD static potential once pair production of light quarks is allowed.
For this purpose, it is sufficient for us to consider only the leading, spin-independent part of the non-relativistic Hamiltonian, and argue that since spin-dependent interactions are at least O(1/M 2 ) suppressed for heavy quarks, the general features of the trajectories discussed below will persist in any more careful QCD bound-state calculation.
The bottomonium system is well described in leading order by a nonrelativistic, spinindependent Hamiltonian, viz.
where m = M/2 is the reduced mass, with M = 5.2GeV, and V (r) denotes a potential.
Relativistic corrections in this case can be expected to be on the order of 10% [5] . To make our calculation represent QCD as closely as possible, we choose a potential that was calculated in unquenched lattice QCD for infinitely heavy sources [3] . One can expect that corrections to the potential due to the bottom mass being finite are small, of order O(Λ QCD /M) (see [6] and references therein). The screened static potential fitted to results of lattice calculations is [3] :
where µ −1 = (0.9 ± 0.2) fm = (4.56 ± 1.01)GeV −1 , √ σ = 400MeV and α = 0.21 ± 0.01.
We obtain bottomonium spectra by diagonalizing the Hamiltonian (1) with the potential (2). Before we proceed with the presentation of our results, let us comment on the potential (2). Clearly, this potential has scattering states, and thus seemingly contradicts color confinement. However, one must first try to understand the physical meaning of a quarkantiquark potential in unquenched QCD, where color charges will be screened by pair production on distance scales larger than or on the order of 1 fm. We give here a brief physical discussion.
Consider a very massive quark (Q) and antiquark (Q), separated by a small distance (say, ∼ 0.1 fm), and sufficiently massive that they may be quantum-mechanically welllocalized to a small fraction of the separation scale with negligible localization energy. The interaction energy between them will then certainly be given accurately by the colorCoulomb potential. As the separation is increased to ∼ 0.5 − 1.0 fm, the interaction energy is expected to grow linearly with separation, although the color-Coulomb piece will still contribute (if negligibly).
As the separation increases further, quark-antiquark pairs will be extracted out of the vacuum by the strong color-electric field between the Q andQ, in such a manner as to neutralize this field and produce local color singlet meson and anti-meson states. Since these (colorless) mesons can exchange light quark-antiquark color-singlet pairs, there is still an interaction between the two components of the system, of Yukawa form. However, it is no longer simply a QQ system; it is now in a different part of the Fock space. Nonetheless, the heavy quarks still define a location (which could be viewed as smeared by the associated light (anti-)quark) and we may view the interaction energy as still referring to the lowest component of the Fock space, that is, as an (effective) interaction energy between the Q andQ.
The lattice screened potential in the analytical form (2) does not have the asymptotic Yukawa approach to the screened constant that should occur as we argued above. Nevertheless, analytic results, for massless quarks [4] , which bracket Yukawa behavior, strongly suggest that results qualitatively and quantitatively similar to those presented below hold also in that more physical case.
Our results are presented in Figs. 1-3 . In Fig. 1 we show the parent trajectory for the minimum, average and maximum screening µ extracted from the lattice study [3] . All three trajectories clearly indicate a discontinuity in slope when the mass of the bound state reaches the ionization level σ/µ. We identify the states above the discontinuity as scattering states. Note that the maximum ℓ rapidly decreases with increasing screening µ. Daughter trajectories exhibit the same behavior.
The maximum ℓ (see also Fig. 2 and Fig. 3 ) is consistent with
(where n = 0 for the parent and 1 ≤ n ≤ L max (0) for the daughter trajectories), which has been derived in [7] for a potential similar (but not identical) to (2), viz.
Elsewhere, "square-root" Regge trajectories have been studied as unique solutions to phenomenologically supported requirements of additivity of inverse slopes and intercepts [4] . In view of this success, it is interesting to see how much the QCD trajectories found here deviate from the phenomenologically plausible form. In Fig. 2 we plot the parent trajectory for µ = 0.18GeV, compared to a "square-root" trajectory that has the same slope at the termination point,
where α(t) = ℓ is the Regge trajectory, α(0) is the intercept of the trajectory, T is its termination point (note that we allow T to differ from the ionization threshold of the potential (2)), and γ is the universal asymptotic slope (i.e. α(t) ∼ γ(−t) ν , |t| → ∞). Since the masses of the bound states with the lattice potential (2) lie very close to (i.e. in our case, within 1% of) the "square-root" trajectory, all of the phenomenology of "squareroot" trajectories, such as additivity of inverse slopes and intercepts, is applicable to these QCD bound state trajectories.
Note that the parameters of the "square-root" form are free parameters, a priori unknown, and must be fitted to the results of any bound-state calculation. Therefore, even though the calculation presented here should be expected to have uncertainties of up to 30%, due to the nonrelativistic approximation to the kinetic energy and due to the use of a static potential, it remains highly plausible that agreement of the exact QCD result with the phenomenologically supported "square-root" form can also be achieved (with similar parameter values).
As suggested by eqn. (3), L max should decrease by one unit for each consecutive daughter trajectory. Fig. 3 shows the parent and daughter trajectories for µ = 0.28GeV, and L max (n) given by eqn. (3) for each of the trajectories. In this case, according to (3), there should be only three daughter trajectories, the last of which consists of just one, ℓ = 0, state.
Our numerical results are in complete agreement with eqn. (3). We observe that L max decreases by roughly one unit; there are 2 daughter trajectories with at least two bound states, and there is indeed one more ℓ = 0 state near the threshold.
Let us summarize our findings: Using an unquenched lattice potential (2), we observe that there are a finite number of bound states occupying Regge trajectories of a near-square-root form which terminate in ℓ, and a finite number of daughter trajectories. Quantitative results (i.e. the value of L max and consequently, the number of daughter trajectories) are sensitive to the exact value of the screening parameter µ, but the qualitative behavior is the same over the entire range of µ allowed by [3] .
We close these theoretical considerations with a few additional remarks. First, we would like to emphasize that the existence of the ionization level (which is an undesirable, but unavoidable feature of the potential under consideration) does not guarantee termination of Regge trajectories. For example, in QED, even though there exists an ionization level, there are infinitely many daughter trajectories, each with, in principle, infinitely many bound states with integer ℓ, in contrast to finite ℓ in QCD. Since we do not know the solution to the potential (2) in an analytic form, we cannot conclude how many daughter trajectories it produces, but it seems unlikely that the numerical methods would have entirely missed evidence of some singular behavior or accumulation of trajectories in a small region. Hence, it is likely that the number of daughter trajectories is finite also (see [7] ). Second, our results are supported by recent lattice calculations which observe flux tube breaking [8] , and the fact that there have been many lattice simulations showing flattening of the potential due to pair production with much smaller errors than the original lattice potential (used in our bound state calculation, see [9] and references therein).
We therefore conclude that, in QCD, the flattening of the potential due to pair creation produces termination of Regge trajectories. This is in agreement with [10] where it is also suggested on different grounds that Regge trajectories must terminate.
Finally, we address some of experimental consequences of this effect, in particular, those regarding production processes, spectroscopy and the proposed quark-gluon plasma.
Our finding that the bottomonium bound states lie within 1% of the "square-root" trajectory may be useful for calculating cross sections for production processes, such as photoproduction, where an explicit form of the Regge trajectory exchanged is required. Moreover, evidence from an analytical calculation for massless quarks, and model-dependent studies [4] , strongly suggest that light quarkonia populate near-square-root trajectories as well.
With regard to glueball spectroscopy: If one assumes that the same mechanism which produces termination of Regge trajectories applies to both gluonic bound states and quarkonia, and that they have different thresholds (e.g. due to different color factors), then it is conceivable that there is a range of masses where all I = 0 states are pure glueballs, or, perhaps, with small admixtures of the lowest-lying heavy quarkonia. (A possible exception is the case of mesonic molecules which, however, would be naively expected to have much larger widths than ordinary resonances.)
The finite number of bound states that we find also affects understanding of the QCD phase transition from hadrons to the quark-gluon plasma. In order to discuss the QCD phase transition, both the hadron and the quark-gluon phases must be described by the corresponding equations of state each of which depends on the corresponding degrees of freedom as functions of temperature. The critical temperature is found as the point where the two curves intersect. However, if the density of states in the hadron phase grows without bound (which does occur for the case of linearly rising trajectories [11] ), then at high enough temperatures the hadron phase will be thermodynamically favored over the quark-gluon plasma phase because the effective number of degrees of freedom is constant for the plasma. This implies that the existence of the quark-gluon plasma would be restricted to a limited range of temperatures (if it existed at all), which is clearly unphysical. To be consistent with the concept of the QCD phase transition, therefore, the effective number of degrees of freedom in the hadron phase cannot grow indefinitely with temperature.
Obviously, our results that show the termination of trajectories at a certain energy threshold (in the calculation presented here E th ≃ 2M b + σ µ ), lead to a finite number of effective degrees of freedom 2 that freeze out at E = E th . In this respect, the color screening discussed in this paper may be a manifestation of existence of the free phase of the hadron constituents -quarks and gluons. This research is supported by the Department of Energy under contract W-7405-ENG-36.
